The purpose of this work is to give some identities of q-Euler numbers and polynomials. Finally we construct q-zeta functions which interpolate the q-analogue of Frobenius-Euler numbers at negative integers.
Introduction
Throughout this work, Z, Q, R, and C will denote the ring of rational integers, the field of rational numbers, the field of real numbers and the complex numbers, respectively. In this work, we use the notation
The ordinary Euler numbers E m are defined by the generating function in the complex number field as
where we use the usual convention about replacing E m by E m (m > 0), symbolically. Let u be algebraic in complex number field. Then Frobenius-Euler numbers are defined by
Note that H n (−1) = E n . The Bernoulli numbers B n are defined as
Then we note that
where n k is a binomial coefficient; cf. [1] [2] [3] [4] . In this work, we give some interesting formulas for the q-analogue of Frobenius-Euler numbers and polynomials. Finally, we consider the q-zeta function which interpolate the Frobenius-Euler numbers at negative integers.
q-Euler numbers and polynomials
For q ∈ C with |q| < 1, let u be an algebraic number in the complex number field with |u| < 1. Then we consider the q-Euler numbers which are defined by the generating function in the complex number field as
where we use the usual convention about replacing H n q (u) by H n,q (u) (n ≥ 0), symbolically. From simple calculation, we note that
By (1) and (2), we easily see that
Now, we define q-Euler polynomials as follows:
By (3) and (4), we easily see that
For s ∈ C, let us consider the following function:
where (s) is the gamma function.
Thus we define the q-analogue of the zeta function as follows: For s ∈ C,
Note that ζ q (u|s, x) is analytic for Re(s) > 1 and that ζ q (u|s) is called the q-analogue of the Euler-Riemann zeta function as follows: For s ∈ C,
For n ∈ N, we see that
Let us define the multiple q-Euler polynomials as follows:
We may now construct the complex analytic r -ple q-zeta function as follows: For s ∈ C, we define
Let ζ r,q (u|s) = u r ζ r,q (u|s, r ). The analytic continuation and special values are given by the integral representation of ζ r,q (u|s, x) as follows: For s ∈ C, we have
Therefore we obtain the following:
Let χ be the Dirichlet character with conductor d ∈ N. Then we define the generalized q-Euler numbers attached to χ as
Note that 
